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The symmetry algebra of massless fields living on the 3-dimensional conformal
boundary of AdS4 is shown to be isomorphic to 3d conformal higher spin algebra
(AdS4 higher spin algebra). A simple realization of this algebra on the free flat
3d massless matter fields is given in terms of an auxiliary Fock module.
1 Introduction
The first example of the full interacting higher spin theory was given in 1990
by M. Vasiliev [1] (see also [2, 3, 4] for reviews). It is formulated in AdS4 space
and describes an interaction of the fields of all spins, which is invariant under
the AdS4 higher-spin gauge symmetry algebra [5, 6]. It was then conjectured
by Fradkin and Linetsky [7] that 3d conformal higher spin algebras have to be
identified with the AdS4 higher spin algebra. One motivation of this work is to
check whether the symmetries of the massless fields living on the 3-dimensional
conformal boundary of AdS4 do form the 3d conformal higher spin algebra. It
will be shown that this is indeed the case.
Another motivation comes from Maldacena conjecture on AdS/CFT cor-
respondence [8] that suggests a duality between the theory of gravity in the
AdS4 bulk space and 3-dimensional conformal theory on the boundary of AdS4.
Since AdS4 higher spin theory contains supergravity it seems natural to specu-
late that AdS4 higher spin theory should have some dual 3-dimensional theory
possessing the AdS4 higher spin symmetry algebra as 3d conformal higher spin
algebra. It is therefore interesting to realize the 3d conformal higher spin alge-
bra on the 3-dimensional matter fields (scalar and spinor), which are the only
conformal fields in 3-dimensional higher spin theory. This realization is the
main topic of this talk. It is obtained using the method of unfolded formula-
tion, which is very suitable for the analysis of symmetries of dynamical systems.
In this presentation we summaries the main ideas and results. More details
can be found in the original work [9], where not only flat but also AdS3 mat-
ter system is considered and the duality between non-unitary field-theoretical
representations of the conformal algebra and the unitary (singleton–type) rep-
resentations [10] of the 3d conformal algebra sp(4,R) is found in the form of
a certain Bogolyubov transform.
Let us note that recently in the interesting paper [11] Klebanov and Polyakov
suggested that the full nonlinear AdS4 higher spin theory is dual to the large
N limit of the conformal 3d vector model which is a nonlinear deformation
of the system considered here. Hopefully, an appropriate deformation of the
system within our scheme may help to check this conjecture.
2 AdS4 higher spin algebra and its oscillator realization
The infinite dimensional superextension f of the ordinary AdSd algebra so(d−
1, 2) is called AdSd higher spin algebra if [5]:
1. f is graded, i.e. f decomposes into the infinite direct sum
f = ⊕∞l=−∞fl (1)
of finite-dimensional subspaces fl, which are called levels, and [fl, fq] ⊆ fl+q
2. every level fl forms a finite-dimensional representation of the Lorentz sub-
algebra so(d− 1, 1) ⊂ so(d− 1, 2)
3. and, finally, f obey the admissibility condition [12] of possessing mass-
less unitary representation with the same spectra of spins as predicted by the
structure of gauge fields originating from f .
The simplest version of the AdS4 higher spin algebra (3d conformal higher
spin algebra) can be constructed with the help of the oscillator realization of
the AdS4 algebra [6].
Consider oscillators aα and a
+
β (α, β = 1, 2 are spinorial indices) with the
commutation relations
[aα, a
+
β ] = ǫαβ , [aα, aβ] = [a
+
α , a
+
β ] = 0 . (2)
Here ǫαβ is antisymmetric charge conjugation matrix ǫ12 = ǫ
12 = 1 that rises
and lowers spinorial indices
aα = aβǫ
αβ , aα = a
βǫβα . (3)
The bilinear combinations of oscillators (2) form the algebra sp(4,R) ∼ so(3, 2).
The conformal basis of so(3, 2) is given by the formulas
 Lnm = −
1
4
ǫnmkσ
kαβ(aαa
+
β + a
+
β aα) ,
Pn =
1
2
σn
αβaαaβ , Kn =
1
2
σn
αβa+αa
+
β , (4)
D = 1
4
(aαa
+α + a+αaα) ,
where  Lnm are generators of Lorentz subalgebra so(2, 1) ⊂ so(3, 2) while Pn ,
Kn and D are generators of momenta, special conformal transformations and
dilatation. Here n,m, k = 1, 2, 3 and σαβn = σ
βα
n are the unit matrix and the
first and the third Pauli matrixes, respectively.
Considering also linear combinations of oscillators (2) we extend the algebra
so(3, 2) to the superalgebra osp(1|4,R) with supergenerators
Sα = a
+
α , Qβ = aβ . (5)
The AdS4 higher spin algebra [5, 6] is defined as a further generalization
of this construction. Let A be the associative algebra, enveloping the oscil-
lator commutation relations (2), i.e. A contains all possible combinations of
oscillators. Let Lie(A) be Lie superalgebra built from A with use of the su-
percommutator
[f, g]± = fg − (−1)
pi(f)pi(g)gf , (6)
where f(a, a+), g(a, a+) ∈ A are some monomials from A and π(f) is the
parity function which counts the oddness of the oscillators in f(a, a+)
f(a, a+) = (−1)pi(f)f(−a,−a+) . (7)
Following the general notation of [13] let hgl(1; 1|4) denote Lie algebra Lie(A).
The AdS4 higher spin algebra (3d conformal higher spin algebra), denoted by
hu(1; 1|4), is a real part of hgl(1; 1|4) which is singled out by the condition
− (i)pi(f)f(ia, ia+) = f(a, a+) (8)
for f ∈ hgl(1; 1|4).
It can be easily seen that the algebra hu(1; 1|4) fits the first and the second
parts of the definition of the AdS4 higher spin algebra given at the beginning
of the section. Really it is graded (1), with the levels hu(1; 1|4)l consisting
from those elements of hu(1; 1|4) that
# of a+ −# of a = l (9)
and every level is closed under the adjoint action of  Lnm. In [12] it was sown
that hu(1; 1|4) also satisfy admissibility condition (the third part of the defi-
nition).
3 Unfolded formulation of dynamical systems:
Massless Scalar Example
The general properties of the unfolded formulation of dynamical systems were
studied in [14, 15]. The key observation is that any free dynamical system can
be reformulated in a form of zero curvature and covariant constancy conditions
dω(x) = ω(x) ∧ ω(x) , (10)
d|Φ(a+, x)〉 = t(ω(x))|Φ(a+, x)〉 , (11)
where ω(x) is connection 1-form taking values in the gauge symmetry algebra
of the considered dynamical system and |Φ(a+, x)〉 is some vector from the
representation t(ω(x)) of this algebra. For such a formulation to work the
vector |Φ(a+, x)〉 should contain usually infinite set of auxiliary fields.
In what follows we require the connection 1-form ω(x) to take values in
AdS4 higher spin algebra hu(1; 1|4) and t(ω(x)) to be a Fock representation of
hu(1; 1|4), generated by a+α from the Fock vacuum |0〉 that is annihilated by
aα
aα|0〉 = 0 . (12)
Let us illustrate the properties of the unfolded formulation (10), (11) of
the dynamical systems by the example of the free massless flat 3-dimensional
Klein-Gordon equation c(x) = 0. To this end we introduce infinitely many
auxiliary fields, which are totally symmetric multispinors of all even ranks
cα1α2(x) , cα1α2α3α4(x) , . . . . (13)
Consider the infinite system of differential equations for these fields and the
original scalar field c(x)
∂nc(x) =
1
2
σn
α1α2cα1α2(x) , (14)
∂ncα1α2(x) =
1
2
σn
α3α4cα1α2α3α4(x) , (15)
· · ·
∂ncα1...α2k(x) =
1
2
σn
α2k+1α2k+2cα1...α2k+2(x) , (16)
· · ·
Since the matrixes σn
αβ are reversible
σn
αβσmαβ = 2ηnm (17)
we can express all the higher multispinors cα1...α2k(x) (k ≥ 1) via the derivatives
of the dynamical field c(x) as
cα1α2(x) = σ
n
α1α2∂nc(x) , (18)
cα1α2α3α4(x) = σ
n1
α1α2σ
n2
α3α4∂n1∂n2c(x) , (19)
· · ·
cα1...α2k(x) = σ
n1
α1α2 · · ·σ
nk
α2k−1α2k∂n1 · · ·∂nkc(x) , (20)
· · ·
Note that the left hand sides of these expressions are required to be totally
symmetric. This has a consequence that the field c(x) has to satisfy the Klein-
Gordon equation
c(x) = 0 (21)
being the consistency condition for this system. Therefore, the system (14),
(15), (16) is equivalent to the infinite set of constraints (18), (19), (20) for
all higher multispinors and the Klein-Gordon equation for the dynamical field
c(x).
The analogous system of equations for the spinor field cα(x) involves all odd
rank auxiliary multispinors cα1...α2k+1(x) (k ≥ 1). It encodes the free massless
Dirac equation
∂nσ
n
α
βcβ(x) = 0 . (22)
Thus we conclude that Klein-Gordon and Dirac equations (21), (22) are con-
cisely encoded as consistency conditions of the system
∂ncα1...αl(x) =
1
2
σn
αl+1αl+2cα1...αl+2(x) l = 0, . . . ,∞ , (23)
where c(x) and cα(x) are dynamical fields and totally symmetric multispinors
cα1...αl(x) (l ≥ 2) are axillary fields expressed via higher derivatives of the
dynamical fields.
In fact, the system (23) is a special case of the general system (10), (11)
when ω(x) is a flat connection of particular form
ω(x) = ω0(x) =
1
2
dxnσn
αβaαaβ (24)
and
|Φ(a+, x)〉 =
∞∑
l=0
1
l!
cα1...αl(x)a
+α1a+αl |0〉 (25)
is some element of an axillary Fock space (12) playing the role of a generating
function for the c(x), cα(x) and all axillary fields cα1...αl(x) (l ≥ 2).
It is important that any system that can be rewritten in the form (10), (11)
(in particular, the system (23)) is invariant under the following transformations
δω(x) = dǫ(x)− [ω(x), ǫ(x)] ,
δ|Φ(a+, x)〉 = ǫ(x)|Φ(a+, x)〉 (26)
with the gauge symmetry parameter ǫ(x). The different choices of the con-
nection ω(x) in (10), (11) correspond to the different choices of space-time co-
ordinates in the differential equations under consideration (like Klein-Gordon
and Dirac equation). Once some solution of the zero curvature equation (10)
is fixed, the gauge symmetry (26) breaks down to the global symmetry
δω(x) = 0 , (27)
δ|Φ(a+, x)〉 = ǫ0(x)|Φ(a
+, x)〉 (28)
with the symmetry parameter ǫ0(x) keeping the connection ω(x) invariant and
thus satisfying the differential equation
dǫ0(x)− [ω0(x), ǫ0(x)] = 0 . (29)
We thus obtain that the system (23) and, most important, Klein-Gordon and
Dirac equations encoded by it are invariant under the transformations (28).
So the unfolded formulation allows one to write down the dynamical equations
in a manifestly symmetric form.
Also such an approach allows one to write generic solution of the system
(10), (11) as well as the solution of the equation (29) for the global symmetry
parameter ǫ0(x). These solutions are
ω0(x) = −g(x)
−1dg(x) , (30)
|Φ(a+, x)〉 = g(x)−1|Φ0〉 , (31)
ǫ0(x) = g(x)
−1ξg(x) . (32)
Here g(x) ∈ A is some invertible element constructed from oscillators, which
give rise to ω0(x) in a pure gauge form (30) and ξ is an arbitrary element of
the AdS4 higher spin algebra (3d conformal higher spin algebra) hu(1; 1|4),
playing a role of the initial data for the differential equation (29) ǫ0(x0) = ξ
for x0 : g(x0) = 1. The formula (32) realizes the isomorphism between algebra
of the symmetries of the free flat massless 3-dimensional Klein-Gordon and
Dirac equations and 3d conformal higher spin algebra hu(1; 1|4). Moreover,
this formula allows us to obtain the particular realization of hu(1; 1|4) on 3-
dimensional massless scalar and spinor.
4 Realization of hu(1; 1|4) on 3d matter system
Let us come back to the system of interest (23). From the equation (30)
it can be easily seen that g(x) ∈ A, giving rise to flat connection ω0(x) =
1
2
dxnσn
αβaαaβ, can be taken in the form
g0(x) = exp(−
1
2
xnσn
αβaαaβ). (33)
Using (32) and (28) we can represent hu(1; 1|4) on the set of all (dynamical
and axillary) fields cα1...αl(x) l ≥ 0. Then taking into account the constrains
(18), (19), (20) we can finally realize hu(1; 1|4) as differential operators acting
on the matter fields c(x) and cα(x). For the simple low-order polynomials ξ
this can be done ”by hand” using the Campbell-Hausdorf formula
eAeB = eA+B+
1
2
[A,B]+··· , (34)
with the only first three nonzero terms. In particular, for the conformal sub-
algebra so(3, 2) ⊂ hu(1; 1|4) we arrive at well known result
 Lnmc(x) = (xm∂n − xn∂m)c(x) ,
 Lnmcα(x) =
(
(xm∂n − xn∂m)δ
β
α +
1
2
ǫnmkσ
kβ
α
)
cβ(x) ,
Pnc(x) = ∂nc(x) , Pncα(x) = ∂ncα(x) ,
Knc(x) = (xn + 2xnx
k∂k − x
2∂n)c(x) , (35)
Kncα(x) =
(
(2xn + 2xnx
k∂k − x
2∂n)δ
β
α − ǫnmkx
mσkβα
)
cβ(x) ,
Dc(x) = (
1
2
+ xk∂k)c(x) , Dcα(x) = (1 + x
k∂k)cα(x) .
For the general case the computations are less trivial and involve the
technique of symbols of operators. The final result for a general element of
hu(1; 1|4) represented with use of the generating function exp(a+αhα+aαh
+α)
is of the following form [9]
δ|Φ(a+, x)〉=exp
(1
2
xααhαhα + a
+αhα +
1
2
h+αhα
)∣∣∣Φ
(
a+α + xαβhβ + h
+α, x
)〉
.
(36)
5 Acknowledgement
This research was supported in part by INTAS, Grant No.99-1-590, the RFBR
Grant No.00-15-96566, the RFBR Grant No.02-02-17067 and the RFBR Grant
No.02-02-06512.
[1] M.A. Vasiliev, Phys.Lett. B 243 (1990) 378, Phys.Lett. B 285 (1992) 225.
[2] M.A. Vasiliev, Contributed article to Golfand’s Memorial Volume, ed. by
M. Shifman, hep-th/9910096.
[3] M.A. Vasiliev, Int.J.Mod.Phys. D 5 (1996) 763.
[4] E. Sezgin, P. Sundell, hep-th/0211113.
[5] E.S. Fradkin, M.A. Vasiliev, Docl.Akad.Nauk. 29 (1986) 1100, Ann.Phys.
177 (1987) 63.
[6] M.A. Vasiliev, Fortschr.Phys. 36 (1988) 33, Nucl.Phys. B 301 (1988) 26.
[7] E.S. Fradkin, V.Ya. Linetsky Ann.Phys. (N.Y.) 198 (1989) 252.
[8] J. Maldacena, Adv.Theor.Math.Phys. 2 (1998) 231, Int.J.Theor.Phys. 38
(1998) 1113, hep-th/9711200;
S.S. Gubser, I.R. Klebanov, A.M. Polyakov, Phys.Lett. B 428 (1998) 105,
hep-th/9802109;
E. Witten, Adv.Theor.Math.Phys. 2 (1998) 253, hep-th/9802150.
[9] O.V. Shaynkman, M.A. Vasiliev, Teor.Math.Phys. 128 (2001) 1155,
hep-th/0103208.
[10] P.A.M. Dirac, J.Math.Phys. 4 (1963) 901.
[11] I.R. Klebanov, A.M. Polyakov, hep-th/0210114.
[12] S.E. Konstein, M.A. Vasiliev, Nucl.Phys. B 312 (1989) 402.
[13] S.E. Konstein, M.A. Vasiliev, Nucl.Phys. B 331 (1990) 475.
[14] M.A. Vasiliev, Ann.Phys. (N.Y.) 190 (1989) 59.
[15] M.A. Vasiliev, Phys.Rev. D66 (2002), hep-th/0106149.
